Abstract. Let H be a finite-dimensional unimodular pivotal quasi-Hopf algebra over a field k, and let H-mod be the pivotal tensor category of finitedimensional H-modules. We give a bijection between left (resp. right) modified traces on the tensor ideal H-pmod of projective modules and left (resp. right) cointegrals for H. The non-zero left/right modified traces are non-degenerate, and we show that non-degenerate left/right modified traces can only exist for unimodular H. This generalises results of Beliakova, Blanchet, and Gainutdinov [BBGa] from Hopf algebras to quasi-Hopf algebras. As an example we compute cointegrals and modified traces for the family of symplectic fermion quasi-Hopf algebras.
Introduction
Modified traces were introduced in [GPV, GKP2] . They are a generalisation of the categorical trace in a pivotal linear category. The latter is defined on the whole category and expressed in terms of duality morphisms and the pivotal structure. The former are only defined on a suitable tensor ideal of the pivotal category, but they have better non-degeneracy properties than the categorical trace.
The example of interest to us is that of a pivotal and unimodular finite tensor category C, and its projective ideal Proj(C). If C is not semisimple, the categorical trace vanishes identically on Proj(C). For the modified trace, the opposite happens: there exists a non-zero modified trace on Proj(C) that induces a non-degenerate pairing on Hom-spaces [CGP, GR2, GKP3] . This observation has important applications to link invariants [GPT, BBGe] , to three-dimensional topological field theories [DGP] , as well as to vertex operator algebras with nonsemisimple representation theory in the context of a conjectural Verlinde formula [GR1, CG, GR2] .
While there are explicit constructions of modified traces [GKP2] , these can be tedious to deploy in examples. In [BBGa] a simple description of modified traces was found in the case that C = H-mod is the category of finite-dimensional representations of a finite-dimensional pivotal unimodular Hopf algebra H: there is a one-to-one correspondence between left/right modified traces and left/right cointegrals of the Hopf algebra. In this paper we generalise this result to quasiHopf algebras. Since the definition of cointegrals for quasi-Hopf algebras is more complicated than that for Hopf algebras [HN2, BC1, BC2] , the treatment is more technical than that in [BBGa] , but the method of proof is the same. Other generalisations of [BBGa] have been given in [Ha, FOG] .
Let us state our main result in more detail for right cointegrals and right modified traces. The results for the left variant are analogous and can be found in the main text. Our conventions for quasi-Hopf algebras are given in Section 3, so we will be brief here. Let k be a field and let H be a finite-dimensional unimodular pivotal quasi-Hopf algebra over k with pivot g ∈ H. For λ ∈ H * let λ g be defined by λ g (h) = λ(gh) for all h ∈ H. Then λ is a right cointegral if and only if
for all h ∈ H (Lemma 3.7). Here, q R = Ψ 1 ⊗ S −1 (αΨ 3 )Ψ 2 , p R = Φ 1 ⊗ Φ 2 βS(Φ 3 ), Φ is the coassociator of H, Ψ its inverse, and α, β ∈ H are the evaluation and coevaluation element.
A right modified trace on Proj(C) is a collection of linear maps {t P : End C (P ) → k} P ∈Proj(C) (1.2) satisfying cyclicity and compatibility with the categorical trace (or rather with the right partial categorical trace, see Section 2). The family t • is uniquely determined by its value on a projective generator. A right modified trace provides a pairing C(M, P ) × C(P, M ) → k, (f, g) → t P (f • g), for all P ∈ Proj(C) and M ∈ C. If all these pairings are non-degenerate, t • is called non-degenerate.
Let now C = H-mod, the pivotal finite tensor category of finite-dimensional left H-modules. We can take the left regular module H as projective generator. A non-degenerate right modified trace on Proj(C) exists if and only if H is unimodular (Theorem 4.6 (1)). In this case we prove (Theorem 4.6 (2)): Theorem 1.1. Let H be a finite-dimensional pivotal unimodular quasi-Hopf algebra over a field k. There is a one-to-one correspondence between right modified traces t • on Proj(H-mod) and right cointegrals λ ∈ H * via
In particular, such traces exist and are unique up to scalar multiples. Every nonzero right modified trace t • on Proj(H-mod) is non-degenerate.
As an illustration we consider the family Q(N, β) of symplectic fermion quasiHopf algebras introduced in [FGR2] . Here N ∈ Z >0 and β ∈ C satisfies β 4 = (−1) N . Q(N, β) is a non-semisimple factorisable ribbon quasi-Hopf algebra, and so Q(N, β)-mod is a (non-semisimple) modular tensor category. Conjecturally, for β = e −iπN/4 this modular tensor category is equivalent to the category of representations of the even part of the vertex operator super algebra of N pairs of symplectic fermions [FGR2, Conj. 6.8] . In Section 5 we give explicit formulas for the cointegrals on Q(N, β) (left and right cointegrals coincide in this case), as well as for the modified trace on projective modules (again the left and right variant coincide). This paper is organised as follows. In Sections 2 and 3 we review the necessary background on modified traces and on cointegrals in quasi-Hopf algebras, respectively. In Section 4 we prove Theorem 1.1, and in Section 5 we illustrate the result in the example of the symplectic fermion quasi-Hopf algebras.
While we were writing the present paper, the paper [SS] by Shibata and Shimizu appeared, which also contains a proof of Theorem 1.1. A second paper [BGR] we were preparing when [SS] appeared also has a large overlap with results found there.
We denote the pivotal structure by δ V : V → V ∨∨ and will choose right duals and left duals to be identical as objects. We write
for the left (←) and right (→) evaluation and coevaluation maps. They are related
its right partial trace over C is defined to be (we omit writing '⊗', say 1 instead of id, and write ∼ − → for the coherence isomorphisms)
Analogously, the left partial trace over C of a morphism g :
3)
The original definition of modified traces from [GPV, GKP2] is for general tensor ideals, but here we will restrict our attention to the tensor ideal
the full subcategory consisting of all projective objects in C. We note that unless C is semisimple, the categorical trace vanishes identically on Proj(C), see e.g. [GR2, Rem. 4.6] .
Definition 2.1. i) A right (left) modified trace on Proj(C) is a family of linear functions
satisfying two conditions, cyclicity and right (left) partial trace property, given as follows. 1. (Cyclicity) If P, P ∈ Proj(C), then for all f : P → P , g : P → P we have
If such a family t • satisfies both the left and the right partial trace property, then it is simply called a modified trace. ii) A right (resp. left) modified trace t • is non-degenerate if the pairings 9) are non-degenerate for all M ∈ C, P ∈ Proj(C).
In case k is algebraically closed and C is unimodular (i.e. the socle and top of the projective cover of the tensor unit 1 are both the tensor unit), non-zero left and right modified traces as above exist and are unique up to scalars [GKP3, Sec. 5.3] . Furthermore, these left/right modified traces are non-degenerate. This significantly generalises earlier existence and uniqueness results, see e.g. [GKP2, GR2, BBGa] .
We will focus on C being H-mod, the category of finite-dimensional modules over a pivotal unimodular quasi-Hopf algebra. In this situation we obtain existence, uniqueness and non-degeneracy of non-zero left/right modified traces without requiring k to be algebraically closed (Theorem 4.6 below), and by using methods different from those in [GKP3] .
Cointegrals for quasi-Hopf algebras
In this section we recall some definitions and properties related to quasi-Hopf algebras that we shall need. We start by giving our conventions for quasi-Hopf algebras, and then proceed to define integrals, cointegrals and symmetrised cointegrals for quasi-Hopf algebras (which have to be pivotal and unimodular in the latter case).
Throughout this section, H denotes a finite-dimensional quasi-Hopf algebra over k.
Quasi-Hopf algebras. The antipode of H is denoted by S and the coassociator by
2 The evaluation and coevaluation element are α, β ∈ H, respectively. We denote Ψ := Φ −1 , and without loss of generality assume ε(α) = 1 = ε(β) .
(3.1)
Following the conventions from [FGR1, Sec. 6] for the axioms, the comultiplication ∆ :
or in index notation
for all h ∈ H. Note that this is the opposite of the convention that, for example, [HN2, BC2] are using. The category C := H-mod of finite-dimensional H-modules is a monoidal category with associator
(3.4) If x ∈ H ⊗ H, then we will frequently write
where τ is the tensor flip of vector spaces. This notation is extended to higher tensor powers in the obvious way.
One can also consider the opposite and the coopposite quasi-Hopf algebras H op (with opposite multiplication) and H cop (with opposite comultiplication). These algebras become quasi-Hopf algebras after modifying the defining data according to
Dual modules. For V ∈ C the left dual V ∨ is the dual vector space V * , with action (3.6) and the (left) rigid structure on H-mod is then defined as follows. The left evaluation are
respectively. Using a basis {v i } of V with corresponding dual basis {v i } we can write the left coevaluation as
One can define right duals analogously in terms of S −1 , but we will not do this here as below we will work with pivotal quasi-Hopf algebras, where we will use the pivotal structure to define right duals.
For simplicity we will also use the right hook action whenever dealing with actions on dual vector spaces: If v * ∈ V * and h ∈ H, then the right hook action Figure 1 . The equalities in (3.13) follow from the zig-zag identities for duals in H-mod, where both sides are tensored with the identity. We show this above for first equality in (3.13), where we have written out id H times the zig-zag identity for H in H-mod as a string diagram in Vect.
H is defined via (we write −, − for the evaluation of a vector with an element of the corresponding dual space)
for all w ∈ V . For example, the action on the left dual could then be written as v *
S(h).
The regular left and right action by an element h ∈ H is denoted by l h and r h , respectively, so that for all a ∈ H l h (a) = ha and r h (a) = ah . (3.10)
We will make use of the special elements q
which have already appeared in [Dr] , and have been further used in [HN1] and subsequent papers concerning quasi-Hopf algebras. They are defined as (3.12) and satisfy the identities Pivotal quasi-Hopf algebras. To state the definition of a pivotal element, we need to recall the Drinfeld twist, which is an invertible element f ∈ H ⊗ H such that
14)
for all a ∈ H. It corresponds to the canonical natural isomorphism
For more details see e.g. [FGR1, Sec. 6 .2]. We will not need the explicit description of f here, but let us remark that in our conventions we have
(3.17)
We can now state (see [BBGa, Def. 4 .1] for the Hopf case and [BT2, Def. 3.2] for the quasi-Hopf case, where the name "sovereign" is used instead). 18) and such that S 2 (h) = ghg −1 , for all h ∈ H.
The pivot satisfies [BT2, Prop. 3.12] ε(g) = 1 and
We remark that the second property stems from the more general fact that in every pivotal category we have the identity δ −1 [Se, Lem. 4.11] .
Remark 3.2.
(1) A pivot is not necessarily unique. For example, if z is central, invertible and satisfies ∆(z) = z ⊗ z, then zg is also a pivot. We will indicate our choice of pivot by saying that (H, g) is a pivotal quasi-Hopf algebra. (2) If (H, g) is pivotal, then indeed H-mod is pivotal. The pivotal structure is the monoidal natural isomorphism with components 20) where δ Vect is the canonical pivotal structure of underlying vector spaces. In fact, the set of pivotal structures on H-mod is in bijective correspondence with the set of pivots for H. For a proof see e.g. [BCT, Prop. 3.2] , and note that our pivot is their inverse pivot.
Using the pivotal structure we define right duals in the standard way. Namely, as an object the right dual ∨ V of an object V is just the left dual V ∨ . The right evaluation and coevaluation are then defined as
Explicitly, for example, 22) where in the last step we used S(h)g = gS −1 (h) for h ∈ H.
Integrals and cointegrals. A left integral 4 for H is an element Λ of H, such that hΛ = ε(h)Λ for all h ∈ H. One similarly defines a right integral for H to be a left integral for H op . The spaces of left and right integrals are always one-dimensional for a finite-dimensional quasi-Hopf algebra, see for example [BC1, Sec. 2] .
The difference between left and right integrals is measured by the modulus of H. This is the unique algebra morphism γ : H → k such that for any left (resp. right) integral Λ (resp. Λ ) we have Λh = γ(h)Λ (resp. hΛ = γ(h)Λ ). Left and right integrals coincide if and only if the modulus of H is given by the counit ε, and in that case we say that H is unimodular. There is also the 'dual' notion of cointegrals for quasi-Hopf algebras, proposed in [HN2] and further studied in [BC1, BC2] . To state their definition we need the elements U, V ∈ H ⊗ H, given by
Remark 3.4. It is easy to see that
Likewise one finds BC2, Sec. 3] , and therefore
Paraphrasing [BC2, Eq. (3.6) and Def. 3.4] we now define:
Definition 3.5. Let γ be the modulus of H.
for all h ∈ H. • A right cointegral for H is a left cointegral for H cop . In full detail this means that λ r ∈ H * is a right cointegral for H if and only if 27) for all h ∈ H.
Cointegrals for quasi-Hopf algebras have a categorical interpretation, see [SS, BGR] . Cointegrals satisfy a number of properties, and for convenience we collect the ones we will need in the following proposition.
Proposition 3.6. Let γ be the modulus of H.
(1) Left (resp. right) cointegrals exist and are unique up to scalar.
(2) Non-zero left (resp. right) cointegrals are non-degenerate forms on H.
(5) Suppose H is unimodular. Then precomposing a non-zero left cointegral with the antipode or the inverse antipode yields a non-zero right cointegral, and vice versa.
Proof. The proofs of (1)-(4) can be found in [HN2, Sec. 4, 5] . Item (5) is a restatement of [BC2, Cor. 4.4, Cor. 4.10] .
We denote the spaces of left and right cointegrals by l H and r H , respectively. If H is unimodular, then (3.28) and (3.29) simplify: for all a, b ∈ H we have 30) or, equivalently,
5 By Proposition 3.6 (2), a non-zero left (resp. right) cointegral defines a non-degenerate invariant pairing on H and thus turns it into a Frobenius algebra. In the unimodular case, Equation (3.30) shows that S 2 (resp. S −2 ) is the Nakayama automorphism of this Frobenius algebra.
Symmetrised cointegrals. For the rest of this section we assume: (H, g) is pivotal and unimodular .
Recall the definition of the right hook action in (3.9). For ϕ ∈ H * and u ∈ H we introduce the shorthand notation ϕ u := ϕ u for ϕ shifted by u. In particular, for λ l ∈ l H and λ r ∈ r H we have
Then we have the following equivalent characterisation of left and right cointegrals.
Lemma 3.7. Let λ ∈ H * . Then
(1) λ is a left cointegral if and only if
for all h ∈ H. (2) λ is a right cointegral if and only if
Proof. We only prove the first part, the second part can be shown analogously. Before establishing (3.33), we need to rewrite the defining condition (3.27) for right cointegrals. Let λ r ∈ H * be given and define the element λ r ∈ H * in terms of λ r as
We now show: Claim: λ r is a right cointegral if and only if
To start with, we use unimodularity of H to simplify (3.27), or rather the identity we get after applying a tensor flip to both sides: λ r ∈ H * is a right cointegral if and only if for all h ∈ H
The right hand side turns out to simplify further if we substitute h = gS −1 (h ), due to the following identities:
where ( * ) is the property S(x)g = gS −1 (x) of the pivot. Substituting (3.38) back into (3.37) and using the definition (3.36) shows that λ r is a right cointegral if and only if
holds for all h ∈ H. Finally, use gS −1 (x) = S(x)g once more, as well as S(g) = g −1 to see l g • S −1 = r g • S = S • l g −1 and apply S to both sides of (3.39). This completes the proof of the claim.
Part 1 of the lemma now follows from Proposition 3.6 (5): λ l is a left cointegral if and only if λ l • S −1 is a right cointegral. Since for λ r = λ l • S −1 we have, for all x ∈ H, Proof. Since a non-zero left cointegral λ l is non-degenerate (Proposition 3.6 (2)) and g is invertible, the symmetrised left cointegral λ l g −1 is non-degenerate. To see that it is symmetric we compute
. Using (3.31) for λ r , along the same lines one shows that a non-zero symmetrised right cointegral is symmetric and non-degenerate.
Modified traces for quasi-Hopf algebras
Throughout this section H will be a finite-dimensional quasi-Hopf algebra over k.
Tensoring with the regular representation. Let V ∈ H-mod. We denote by ε V the vector space V with trivial H-module structure, i.e. hv = ε(h)v for h ∈ H, v ∈ V . Recall the definition of the elements p R , etc., from (3.12). We need the following generalisation of [BBGa, Thm. 5 .1] to quasi-Hopf algebras (see also [Sch, Sec. 2.3 
]).
Proposition 4.1.
(1) The map
is an isomorphism of H-modules, with inverse
(2) The map
Before we prove this proposition we recall the two relations [HN2, (2.19) , (2.20)].
Lemma 4.2. The elements q R and p R satisfy
for all a ∈ H.
Proof. We verify only the second identity of (4.1). We use string diagram notation in Vect:
In step (1) we substitute the definition (3.12) of p R and use that the antipode is an algebra antihomomorphism.
Step (2) is quasi-coassociativity. In step (3) we move legs 2 and 3 of Φ up -using again that S is an antihomomorphism -and then employ one of the antipode axioms. Finally, we once more substitute the definition of p R .
Proof of Proposition 4.1. We only prove the first part, the second part is completely analogous. It is obvious that φ r is an intertwiner, so we only need to show that ψ r is a two-sided inverse.
Using pictures we compute the composition φ r • ψ r :
3) Similarly one shows ψ r • φ r = id. Since φ r is an intertwiner and bijective, ψ r necessarily is an intertwiner as well and we are done.
As a consequence of the previous considerations we have the following lemma.
Lemma 4.3. Let W be an H-module. The map
is an algebra isomorphism.
Proof. Since for any algebra A we have the algebra isomorphism
together with isomorphism property from Proposition 4.1 we see that the prescription Ξ : (a ⊗ m) → φ r • (r a ⊗ m) • ψ r is bijective, and thus the isomorphism is established. It remains to be shown that the isomorphism is one of algebras. The multiplication for the endomorphism algebras is just composition, and for H op ⊗ k End k (W ) we simply take the one induced by the tensor product of kalgebras. Then the calculation
shows that Ξ indeed preserves the algebra structure.
A similar result holds for End H (W ⊗ H).
The main theorem. We will need the following extension result for symmetric linear forms: Let A be a finite-dimensional unital k-algebra. By a family of trace maps {t P : End A (P ) → k} P ∈A-pmod (as opposed to left/right modified traces) we mean a family as in Definition 2.1 (i), which, however, only satisfies condition 1 (cyclicity) and not conditions 2 or 2' (which do not make sense in A-mod). We have ( [BBGa, Prop. 2.4 ], see also [GR2, Prop. 5.8 
]):
Proposition 4.4. Let A be a finite-dimensional unital k-algebra. Then a symmetric linear form t on A extends uniquely to a family of trace maps {t P : End A (P ) → k} P ∈A-pmod , given by
where n depends on P , and a i : A → P , b i : P → A satisfy
In particular
The next lemma is an instance of the Reduction Lemma [BBGa, Lem. 3 .2] when one takes C = H-mod and H as projective generator.
Lemma 4.5. Let H be pivotal with pivot g. A symmetric linear function t on H extends to a right modified trace on H-pmod if and only if for all f ∈ End H (H ⊗H)
holds, where t P is as in Proposition 4.4, for P ∈ H-pmod. Similarly, t extends to a left modified trace on Proj( H M) if and only if
holds for all f ∈ End H (H ⊗ H).
We denote the subspace of symmetric forms t ∈ H * which extend to a right/left modified trace on H-pmod by Sym r/l tr .
(4.12)
Given t ∈ Sym r/l tr , the corresponding modified trace t • takes the value
on the left regular module H. We can now state the main theorem of our paper. Parts 2 and 3 generalise [BBGa, Thm. 1 ] to the setting of quasi-Hopf algebras. A stronger version of Part 1 was shown for Hopf algebras in [FOG, Cor. 6 .1].
Theorem 4.6. Let (H, g) be a finite-dimensional pivotal quasi-Hopf algebra over k. We have:
(1) A non-degenerate left (right) modified trace on H-pmod exists if and only if H is unimodular. Suppose now that H is in addition unimodular. Then: Proof. (1) If t • is a non-degenerate left or right modified trace, then H h → t H (r h ) ∈ k is a non-degenerate symmetric linear form on H. That H is unimodular then follows from [Hu, Thm. 2] . The converse direction amounts to parts 2 and 3.
(2) Suppose now that H is unimodular, and let t • be a family of trace maps on H-pmod (not necessarily left/right modified traces). Let t ∈ H * be the symmetric form on H which corresponds to t • via Proposition 4.4. We will now compute both sides of (4.10) in Lemma 4.5 separately and then use that lemma to prove the statement.
Let W ∈ H-mod and f ∈ End H (H ⊗ W ). 14) where a ⊗ m is a simple tensor in H op ⊗ End k (W ). For simplicity and without loss of generality we will assume that f actually corresponds to the simple tensor a ⊗ m. By cyclicity of t • we get (1)) and then rewrite the resulting expression as in Figure 2 . Altogether, this gives (4.16) where ρ : H ⊗ k W → W is the action of H on W .
Since (4.15) and (4.16) hold in particular for W = H, the left regular module, and for all a, m, we can rephrase condition (4.10) in Lemma 4.5 as follows: the symmetric linear form t on H extends to a right modified trace on H-pmod if and only if
But this is just the defining equation (3.34) for a symmetrised right cointegral.
The left version of the proof is completely analogous and uses (3.33).
(3) By Proposition 3.8 the symmetrised right/left cointegrals are non-degenerate. It is shown in [BBGa, Thm. 2.6 ] that this implies that the corresponding right/left modified traces are non-degenerate in the sense of Definition 2.1 (ii). 
Example: symplectic fermion quasi-Hopf algebra
In this section we will use Theorem 4.6 to compute the modified trace for the socalled symplectic fermion quasi-Hopf algebras defined in [FGR2] . One reason that these quasi-Hopf algebras are of interest is their relation to a fundamental example of logarithmic two-dimensional conformal field theories, namely the symplectic fermion conformal field theory, see [FGR2] for more details and references.
Quasi-Hopf structure. The family of symplectic fermion ribbon quasi-Hopf algebras Q = Q(N, β), where N is a non-zero natural number and β ∈ C satisfies β 4 = (−1) N , is defined as follows [FGR2, Sec. 3] . As a C-algebra, Q is a unital associative algebra generated by
With the elements
we can write the defining relations for Q as
where {−, −} is the anticommutator. Then e 0 , e 1 are central orthogonal idempotents with e 0 + e 1 = 1. The dimension of Q is 2 2N +2 .
It is enough to specify the quasi-Hopf algebra structure on generators. The coproduct is
where ω ± = (e 0 ± ie 1 )K. The counit is
We introduce
to define the coassociator and its inverse as
Finally, the antipode S and the evaluation and coevaluation elements α and β are given by
For convenience we also state the inverse antipode on generators:
Note that S(β ± ) = S −1 (β ± ) = β ∓ , and
From [FGR2, Eq. (3.35) ] we know that the Drinfeld twist and its inverse are given by
One furthermore computes
For later use, we fix the a basis of Q. The basis elements are 13) where i ∈ Z 4 , and a, b are strictly ordered multi-indices of lengths 0 ≤ | a|, | b| ≤ N . By "strictly ordered" we mean that for a = (a 1 , a 2 , . . . , a | a| ) we have 1 ≤ a 1 < . . . < a | a| ≤ N , and similarly for b. We will use the shorthand N = (1, 2, . . . , N ) .
(5.14)
Using this notation we can state that
is both a left and a right integral in Q [FGR2, Sec. 3.5] . In particular, Q is unimodular.
The quasi-Hopf algebra Q can be equipped with an R-matrix and a ribbon element, turning it into a ribbon quasi-Hopf algebra. In [FGR2, Prop. 3.2] it was shown that it is in fact a factorisable ribbon quasi-Hopf algebra. Factorisability implies unimodularity [BT1, Sec. 6] , giving another argument showing that Q is unimodular. A ribbon category is in particular pivotal. The pivot in (5.10) was obtained as g = v −1 u, where v is the ribbon element and u is the Drinfeld element.
Modified trace. We will see that the spaces of left and right modified traces coincide for Q. To compute the modified trace explicitly, we first find the (also coinciding) left and right symmetrised cointegrals via Lemma 3.7. Then we employ Theorem 4.6 and the relation (4.13) to obtain the value of the modified trace on the projective generator Q. is simultaneously a left and a right symmetrised cointegral for Q.
Proof. We will verify that λ g satisfies both conditions in Lemma 3.7. To this end, we first note that the coproduct takes the following form on elements of the above basis:
a,i + (lower terms)
× e 0 ⊗ e 0 + e 0 ⊗ e 1 + e 1 ⊗ e 0 + (−1) (N +1)i e 1 ⊗ e 1 , 17) where in each tensor factor in "(lower terms)" the number of f + 's is strictly less than | a|, or the number of f − 's is strictly less than | b|, or both. Therefore, both sides of the two conditions in Lemma 3.7 vanish identically unless one chooses h = B N , N ,i , i ∈ {0, 1, 2, 3}. In these four cases a straightforward computation shows that the conditions in Lemma 3.7 hold.
Note that because β 4 = (−1) N , for odd N only one of the two summands in (5.16) is present, the other coefficient is zero. For N even, both summands are present.
Since the symmetrised cointegral is two-sided, so is the corresponding modified trace. By (4.13) the explicit value of the modified trace on f ∈ End Q (Q) is t Q (f ) = λ g (f (1)) , (5.18) with λ g as in (5.16).
The modified trace has also been computed by a different method in [GR2, Sec. 9] , namely by using the existence of a simple projective object in Q-mod. There, the modified trace is given on the four indecomposable projectives. To relate the two computations, first note that the central idempotents of Q are e 0 , e (1 − 2f 19) see [FGR2, Sec. 3.6] . The decomposition of the right regular module Q is 20) where P 0± are the projective covers of the two one-dimensional simple modules of Q and X 1± are projective simple objects of dimension 2 N [FGR2, Sec. 3.7] . The projections to P 0± are given by right-multiplication with the (non-central) idempotents e Note that x ± and y ± are central in Q [FGR2, Sec. 3.6] . It is straightforward to compute the modified trace of r x ± , r y ± ∈ End Q (Q):
t Q (r x ± ) = ± Since g is of order two, the left and right cointegrals also agree. One can compute the cointegral for Q by shifting the symmetrised cointegral from Proposition 5.1 by g. Similar to the symmetrised cointegral, it is non-vanishing only on the top components, and with a ± = β 2 ± δ N,even , b ± = ±iδ N,odd 
